Resorting to Wilsonian renormalization group (RG) transformations, we propose an emergent geometric description for a topological phase transition in the Kitaev superconductor model. An effective field theory consists of an emergent bulk action with an extra dimension, an ultraviolet (UV) boundary condition for an initial value of a coupling function, and an infrared (IR) effective action with a fully renormalized coupling function. The bulk action describes the evolution of the coupling function along the direction of the extra dimension, where the extra dimension is identified with an RG scale and the resulting equation of motion is nothing but a β−function. In particular, the IR effective field theory turns out to be consistent with a Callan-Symanzik equation which takes into account both the bulk and IR boundary contributions. This derived Callan-Symanzik equation gives rise to a metric structure. Based on this emergent metric tensor, we uncover the equivalence of the entanglement entropy between the emergent geometric description and the quantum field theory in the vicinity of the quantum critical point.
I. INTRODUCTION
Recent experiments proposed that hydrodynamics may be realized in Dirac band systems at intermediate temperatures [1] [2] [3] , where incomplete screening of electron correlations due to the band structure can allow the time scale of electron-electron scattering being shorter than the others of electronphonon and electron-impurity scattering time scales. AdS d+2 /CFT d+1 duality conjecture [4] [5] [6] [7] looks well devised to describe such emergent hydrodynamics [8] , where fast thermalization due to strong inelastic scattering may play a central role. Recent theoretical calculations based on the AdS 4 /CFT 3 duality conjecture could fit the experimental data for both electrical and thermal transport coefficients in graphene-type band structures surprisingly well [9, 10] . Unfortunately, these kinds of successful examples for the comparison between the AdS d+2 /CFT d+1 duality conjecture and actual experimental data would have some limits even if this comparison may not be allowed within the perturbative theoretical framework. An essential point behind this situation is that we do not know how calculations based on the AdS d+2 /CFT d+1 duality conjecture can be related with microscopic degrees of freedom.
Recent developments in the derivation of the AdS d+2 /CFT d+1 duality conjecture from field theoretical perspectives [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] are based on either how to implement the Wilson's renormalization group (RG) structure [25] to field theory or how to reformulate quantum information (entanglement entropy or complexity) in terms of geometry. In particular, the multi-scale entanglement renormalization ansatz (MERA) has been proposed to represent a manyparticle ground-state wave-function, applying the Wilson's RG transformation in a non-perturbative way [26] [27] [28] . The number of RG transformations is identified with an emergent extra dimension [29] . Comparing the entanglement entropy [30] based on the MERA representation with the Ryu-Takayanagi formula [31] based on the AdS d+2 /CFT d+1 duality conjecture, the metric structure of the emergent AdS d+2 space has been discussed [32] . Recently, the partition function in the path-integral representation has been reformulated based on the MERA construction, realizing an emergent holographic description with an extra dimension [23] . In particular, it turns out that this MERA-based gravity reformulation for a field theory coincides with a previous path-integral reformulation for the implementation of the quantum RG construction.
Applying Wilsonian RG transformations into the Kitaev superconductor model, we find an effective field theory with an extra dimension: (1) Two auxiliary fields are introduced to play the role of a coupling function and an order parameter field, respectively, where they form a canonical conjugate pair. (2) A bulk action describes the evolution of the cou-pling function along the direction of the emergent extra dimension, where the extra dimension is identified with an RG scale and the resulting equation of motion is nothing but a β−function. (3) An ultraviolet (UV) boundary condition defines an initial value of the coupling function. (4) An infrared (IR) boundary condition is given by an effective theory with a fully renormalized coupling function, which evolves through the extra dimension. In particular, the IR effective field theory turns out to be consistent with a Callan-Symanzik equation for an effective free energy which takes into account both the bulk and IR boundary contributions. Based on this derived CallanSymanzik equation, we extract out a metric structure. In order to justify this geometric description, we calculate the holographic entanglement entropy based on the Ryu-Takayanagi formula and compare it with the entanglement entropy of the corresponding field theory for the whole parameter range of the topological phase transition. We reveal the equivalence of the entanglement entropy between the emergent geometric description and the quantum field theory not only at the quantum critical point but also in the topological superconductor phase.
II. KADANOFF BLOCK-SPIN TRANSFORMATION AND EMERGENCE OF AN EXTRA DIMENSION
We introduce the transverse-field Ising model
Here, J is a ferromagnetic coupling constant, and λ is a transverse magnetic field. This Hamiltonian enjoys Z 2 symmetry, given by σ = 0 in the case of λ > λ c [33] . This continuous phase transition becomes smeared out at finite temperatures due to low dimensionality.
Recently, this Z 2 symmetry breaking transition has been revisited in the novel perspective of a topological phase transition [34] . We introduce the JordanWigner transformation σ [33] , where c i is a spinless fermion field. Physically speaking, these spinless fermions describe domain wall excitations. Then, we map the transverse-field Ising model into a superconductor model in terms of spinless fermions, referred to as a Kitaev model,
where the original expression of the Kitaev model has been reformulated in terms of the Nambu-spinor rep-
[35] with rescaling of the fermion field. I is an identity matrix and τ i with i = 1, 2, 3 is a Pauli matrix. It turns out that this superconductor model shows a phase transition from a p-wave weak-pairing (BCS) superconducting phase to a p-wave strong-pairing (BEC) superconducting state, tuning the chemical potential λ at zero temperature [34] . The BCS superconducting phase of λ < λ c is identified with a topological superconducting state, where there exists a Majorana zero-energy state at each edge. On the other hand, the BEC superconducting phase of λ > λ c is identified with a normal superconducting state without any edge states. The bulk gap becomes closed at the quantum critical point of λ = λ c .
In order to construct an emergent geometric description for this topological phase transition, we introduce collective fields as follows
where
is a Lagrange multiplier field to play the role of a coupling function and
is an order-parameter field in the saddle-point analysis.
It turns out that they form a canonical conjugate pair. Now, we apply the Wilson's RG transformation. First, we separate the site index into even and odd. Second, we perform the gaussian integration for oddsite fermion fields. Third, we take into account rescaling for both the lattice structure and the fermion field, reproducing the original form of the partition func-tion. As a result, we obtain
where the coupling function becomes renormalized from
we introduce collective fields and rewrite Eq. (4) in the following way
where Dχ (1) Dη (1) gives rise to Eq. (4).
Repeating these RG transformations, we obtain
2 is a renormalized coupling function after the k−th iteration.
An idea is to translate the iteration index k of RG transformations into an extra coordinate z as follows
implies that η(iω, z) and χ(iω, z) are a canonical conjugate pair in the Hamiltonian formulation. It gives rise to the
is a renormalized coupling function, resulting from RG transformations.
a UV boundary condition of the coupling function, resulting in χ(iω, 0) = J. This coupling function evolves into χ(iω, z f ) according to the β χ function. It is almost trivial to solve Eq. (11), giving rise to
As a result, we obtain an effective IR action S IR [ψ i (iω); χ(iω, z f )] with a fully renormalized coupling function χ(iω, z f ).
In order to complete our construction of an emergent geometric description, we integrate over original fermion degrees of freedom. Performing the Fourier transformation and the Gaussian integration for the spinor field, we obtain an effective action as follows
Here, γ k = cos k denotes a conventional kinetic-energy term and ϕ k = sin k represents a p−wave pairing term in the IR effective action. Now, original fermion degrees of freedom disappear in this effective bosonic action. Instead, they form particle-hole and particleparticle composite fields, which appear in this effective action as bosonic collective excitations given by the order parameter field η(iω, z) and its canonical conjugate pair, the coupling function χ(iω, z).
III. HAMILTON-JACOBI FORMULATION AND EMERGENT METRIC TENSOR
Based on the effective field theory of the previous section, we extract out a metric tensor describing an emergent spacetime with an extra dimension. An effective free energy from Eq. (7) should not depend on the IR cutoff z f , described by
This constraint gives rise to
where ∂ z f means a derivative with respect to z at z = z f . This equation must be trivial since it is nothing but the definition of an order parameter field η(iω, z f ). Performing the path integral of Dχ (f ) in Eq. (6), we obtain essentially the same equation in a discrete version along the direction of the extra dimension. Actually, this triviality implies self-consistency of our emergent geometric description.
A nontrivial and important point is that Eq. (19) is the Callan-Symanzik equation for the effective free energy, given by
Here, γ 00 and γ 11 are time and space components of the metric tensor, respectively, and T 00 and T 11 are time and space components of the energy-momentum tensor, respectively. β χ is the RG β−function to describe the evolution of a coupling constant as a function of an energy scale z f , and O χ is an expectation value of an observable O χ , identified with an order parameter, where these variables form a canonical conjugate pair. Comparing Eq. (19) with Eq. (20), we obtain
It is straightforward to find the energy-momentum tensor, given by
This expression is a lattice version of a continuum field theory. Inserting these components into Eq. (19) with Eq. (21), we obtain coupled equations for the emergent metric tensor
Solving these equations, we obtain
where the low-frequency limit has been taken into account. This approximation will be justified in the discussion of the holographic entanglement entropy. Under the following redefinitions
we find an emergent metric structure
in the normal coordinate system, where the time and space components are
respectively. We note that the z → −∞ limit gives rise to an AdS 3 metric, identified with an insulating UV fixed point in our real-space RG construction. At the quantum critical point (λ = 2), the emergent spacetime is exactly described by the AdS 3 metric ds 2 = dz 2 + e −2z (dτ 2 + dx 2 ). On the other hand, the metric of the topologically trivial superconducting phase (λ > 2) is given by
Intriguingly, it describes to the metric of AdS 2 × R. In the topological superconducting phase with 1 ≤ λ < 2, the extra dimension ends at z c = . This result is consistent with that of Ref. [23] . In Ref. [23] , although the IR cutoff is different from the black hole horizon, it was called "horizon". The emergence of such a horizon has been proposed to be a fingerprint of a quantum phase transition in the geometric description of Ref. [23] . Following Ref. [23] , from now on, we also utilize the horizon in order to indicate the IR cutoff. In the case of 0 ≤ λ < 1 the IR cutoff z c = 1 2 ln 1 2−λ becomes negative. This implies g 00 (z c < 0 ≤ z) < 0 and g 11 (z c < 0 ≤ z) < 0. The emergent metric is not welldefined in 0 ≤ λ < 1. However, we emphasize that this parameter region is not special. The reason why the metric is not well defined is that the UV boundary starts from z = 0. If we start from z i < 0, the metric would be well defined in z i < z < z c < 0. Of course, we choose z i < z c . Fig. 1 shows Ricci curvatures as a function of the extra dimension for the topological superconducting phase, the quantum critical point, and the normal superconducting state, respectively. The UV AdS 3 (z → −∞) does not evolve at the quantum critical point, which still remains to be AdS 3 at IR. On the other hand, the UV AdS 3 develops a horizon at z c in the topological superconducting phase, where the Ricci curvature diverges. In the normal superconducting state, the curvature again converges on a negative constant at IR . This is because a new AdS 2 ×R metric occurs in the IR limit, as mentioned before.
IV. ENTANGLEMENT ENTROPY
In order to clarify the physical meaning of this metric structure, we investigate the holographic entanglement entropy [31] , given by the minimal surface area along the emergent spacetime direction,
where the subsystem size is l. Here, G is the Newton's constant in this three dimensional spacetime. It is straightforward to reformulate this expression as fol- (31) and (32) for the quantum critical point (λ = 2.0), the topologically trivial (λ = 2.05), and nontrivial (λ = 1.95) superconducting phases. We emphasize that the Ricci curvature diverges at z = zc in the topological superconducting phase, which may be identified with a horizon. Emergence of such a horizon in a dense phase is consistent with a recent study [23] , where the existence of the horizon is a fingerprint of a quantum phase transition.
lows [36]
where z 0 = z(0) is a maximum value in the extra dimension, given by the turning-point condition .
Here, g 0 11 = g 11 (z 0 ) is the space-component metric at the turning point.
In order to discuss the IR behavior of the holographic entanglement entropy, it is convenient to consider λ −→ λ + 1. Then, the quantum critical point shifts from λ c = 2 to λ c = 1. At the quantum critical point described by the AdS 3 metric of g 00 = g 11 = e −2z , we find the entanglement entropy
where the maximum value of the extra dimension is z 0 = ln
. This expression becomes reduced into S E ≈ 1 2G ln l in the l → ∞ limit. This logarithmically divergent behavior is consistent with that of a conformal field theory [37] . On the other hand, the metric g 11 has a root at z c = 1 2 ln 1 1−λ in the case of 0 ≤ λ < 1. The metric above this critical value (z > z c ) becomes negative, so the radial direction is restricted to 0 ≤ z ≤ z c . In the large l limit where z c z 0 , the leading contribution to the entanglement entropy comes from
Near the critical point (λ ≈ 1) where the central charge of the conformal field theory is related to the Newton constant of the dual gravity as c =
3R
2G , the entanglement entropy shows a logarithmic scaling behavior
Here, we set R = 1 and c = N f /2, where N f is the number of fermion flavors. Intriguingly, this result is perfectly matched to Cardy's result for N f = 1, where the correlation length is given by ξ = (1 − λ) −1 [37] . Fig. 2 shows the comparison between the holographic entanglement entropy based on Eqs. (31) and (32) and the field-theory entanglement entropy of Eq. (2). As proven above, both coincide not only at the quantum critical point but also near it in the topological superconducting phase. However, rather far away from the quantum critical point in the topological superconducting phase, it turns out that they match quite well if a constant value of log 2 2 is added into the holographic entanglement entropy. This constant value for the entanglement entropy is nothing but counting the number of Majorana-fermion zero-energy states at a boundary. Unfortunately, this boundarymode contribution is not taken into account in our RG scheme since we considered a periodic boundary condition during the RG procedure. In order to introduce this topological effect into the entanglement entropy within our geometric construction, we need to modify our RG scheme. Except for this aspect, both entanglement entropy show remarkable match.
V. DISCUSSION
One may criticize to identify the Ryu-Takayanagi formula with the entanglement entropy because it is not clear at all whether or not the emergent metric satisfies the Einstein equation. However, it is true that Fig. 2 is quite impressive. How can we figure out the governing equation for the emergent metric tensor? The bulk metric corresponds to the running of the coupling of the stress tensor. In order for the RG dependence of this coupling to be determined, the coupling may be introduced in the original model at . The total number of lattice sites is L = 400. See Ref. [38] for how to calculate the entanglement entropy from the lattice model directly. It is surprising for both quantities to match almost perfectly not only near the quantum critical point but also far away from it in the topological superconducting phase. We note that a constant value of log22 is added into the Ryu-Takayanagi Formula, where our renormalization group procedure does not take into account effects of boundary Majorana-fermion zero modes. This comparison leads us to suspect that the Ryu-Takayanagi Formula based on the emergent metric [Eqs. (31) and (32) ] may be identified with an entanglement entropy although we did not prove that this emergent metric is governed by the Einstein equation.
UV. That is, apart from the coupling χ (0) dual to the scalar operator, the effective action may also be a function of an arbitrary (1 + 1) dimensional metric. The RG analysis should then lead to two independent RG flow equations, i.e. expressions for the beta functions, one for the scalar coupling and one for the running (1 + 1) dimensional metric, i.e. the coupling of the stress tensor. Solving this system of first order equations may then correctly determine the RG flow of the couplings, including the bulk metric.
It would be interesting to apply our geometric construction into strongly coupled quantum field theories, of course. Recently, we could find an effective geometric description for the Kondo effect [39] , where a [η(iω, z)] 2 −like term appears to give a ∂χ(iω,z) ∂z 2 −like term, which gives rise to a nontrivial evolution of a coupling function. More surprisingly, the z f → 0 limit in this geometric description reproduced leading 1/N f quantum corrections in the slaveboson mean-field theory of the Kondo effect, where N f is spin degeneracy. This shows the role of an emergent extra dimension clearly.
